By extending the Poisson algebra of ideal hydrodynamics to include a two-index tensor field, we construct a new (2+1)-dimensional hydrodynamic theory that we call "chiral metric hydrodynamics." The theory breaks spatial parity and contains a degree of freedom which can be interpreted as a dynamical metric, and describes a medium which behaves like a solid at high frequency and a fluid with odd viscosity at low frequency. We derive a version of the Kelvin circulation theorem for the new hydrodynamics, in which the vorticity is replaced by a linear combination of the vorticity and the dynamical Gaussian curvature density. We argue that the chiral metric hydrodynamics, coupled to a dynamical gauge field, correctly describes the long-wavelength dynamics of quantum Hall Jain states with filling factors ν = N/(2N + 1) and ν = (N + 1)/(2N + 1) at large N . The Kelvin circulation theorem implies a relationship between the electron density and the dynamical Gaussian curvature density. We present an purely algebraic derivation of the low-momentum asymptotics of the static structure factor of the Jain states.
I. INTRODUCTION
As a general framework, hydrodynamics [1] finds its application in a wide range of physical contexts, including classical systems like classical fluids, gases, or liquid crystals and systems where quantum mechanics plays an important role like superfluids or quantum electronic fluids. Recently, attention has been drawn to systems where the hydrodynamic description manifests features resembling or connected to the topological properties of quantum systems. One example is fluids with odd (or Hall) viscosity [2, 3] , which can exist in two spatial dimensions if spatial reflection symmetry is absent. In the most well-known example of such a fluid-the electron fluid in the quantum Hall effect-the odd viscosity is proportional to the shift, a topological property of the quantum Hall states [4] . Another example is fluids of chiral fermions in three dimensions, where the presence of triangle anomalies in the microscopic theory give rise to modifications of the hydrodynamic equations of the finite temperature system, with important physical consequences [5] .
In this paper, we describe a theory that we term "chiral metric hydrodynamics"-an extension of the hydrodynamic theory which includes a tensorial degree of freedom, which, for certain purposes, can be interpreted as a dynamical metric. One motivation for considering arXiv:1907.07187v1 [cond-mat.str-el] 16 Jul 2019 such a theory is to understand fractional quantum Hall fluids, where the lowest gapped mode is a spin-two mode, the so-called "magnetoroton" [6] . In Ref. [7] it was proposed that the theory governing the dynamics of the magnetoroton at long wavelength is a theory of a dynamical metric, as suggested originally by Haldane [8] . One aim of this work is to relate the ideas of Refs. [7, 8] with the seemingly unrelated picture of a quantum Hall fluid as a fluid of composite fermions obeying a particular form of hydrodynamics [9] . (A phenomenological model that exhibits some features of the theory presented in this paper has been considered in Ref. [10] . ) We will first provide a purely mathematical construction of the chiral nematic hydrodynamics by enlarging the Poisson algebra of hydrodynamics with the inclusion of a two-index tensor. We will show that, while in general dimensions the resulting theory is simply the theory of elasticity, in two spatial dimensions there is a possibility of a parity-violating Poisson algebra, leading to a theory of a chiral viscoelastic medium which behaves like a solid at high frequencies, but like a fluid with odd viscosity at low frequencies. The hydrodynamic theory describing this medium has interesting features, in particular there is a version of the Kelvin circulation theorem involving a particular linear combination of the vorticity and the density of the Gaussian curvature of the dynamical metric.
Coupling the fluid to a dynamical gauge field, the theory, as we will show, can be used to describe the low-energy dynamics of the fluid of composite fermions in the fractional quantum Hall effect, in particular in the Jain states with filling factors ν = N/(2N + 1) and ν = (N + 1)/(2N + 1) at large N . By using the Kelvin circulation theorem and the fact that the composite fermion carries an electric dipole moment, we will establish a relationship between the electron density and the dynamical Gaussian curvature density, and use this connection to compute the statics structure factor of quantum Hall state.
II. THE POISSON ALGEBRA

A. The Poisson algebra of classical hydrodynamics
We recall that the equations of compressible fluid dynamics can be recasted in the form of Hamilton's equations of motion of a dynamical system with a Hamiltonian and a set of Poisson brackets. In a normal fluid, the hydrodynamic degrees of freedom are the particlenumber density n(x) and the momentum density π(x). The Poisson brackets between these degrees of freedom are [11] {π i (x), n(y)} = n(x)∂ i δ(x − y),
{π i (x), π j (y)} = [π j (x)∂ i + π i (y)∂ j ]δ(x − y).
The Poisson algebra, together with a Hamiltonian in the form of a functional of the hydrodynamic degrees of freedom
completely determines the time evolution of the hydrodynamic fields:Ȯ = {H, O}, with O being n or π i . Denoting the variational derivatives of H with respect to n(x) and π i (x) by µ(x) and v i (x), respectively,
the equations of motion can be written aṡ n + ∂ i (nv i ) = 0, (4a)
In the case of a fluid with Galilean invariance, where the Hamilton is the sum of the kinetic and potential energies:
with m being the mass of the fluid particles, Eqs. (4) coincide with the Euler equations for an ideal fluid.
B. Poisson algebra and spatial diffeomorphism. Introducing the metric
We will now introduce into the formalism a new hydrodynamic variable-a two-index tensor G ij , which will also be called the "metric." The introduction of a tensor into hydrodynamics makes our theory similar to hydrodynamics of nematic liquid crystals, for which the Poisson bracket formalism has been applied [12] . Here we first abstract ourselves from physical applications and construct our theory from purely mathematical consideration.
First, we note that the momentum density π(x) can be regarded as the operator generating infinitesimal diffeomorphism transformation [13] . More concretely, if one defines for each vector field ξ k (x) the quantityξ = dy ξ k (y)π k (y),
then the Poisson brackets ofξ with n and π i ,
reproduce exactly the shift of a scalar density and a covariant vector density under an infinitesimal coordinate transformation x k → x k + ξ k . In other words, the Poisson algebra formed by π i (x) is isomorphic to the algebra of spatial diffeomorphism, and the Poisson bracket of π i with any quantity is determined by the law of transformation of the latter under diffeomorphism. For example, the momentum per particle u i = π i /n is a vector, and this is manifested in its Poisson bracket with the momentum density:
We are now ready to introduce a new degree of freedom into the theory: the metric G ij . We chose it to transform as a covariant tensor, which means
This condition fixes the Poisson bracket between π i and G ij ,
Note that this is quite different from the corresponding Poisson bracket in the theory of nematic liquid crystals [12] . As in general relativity, we will denote the matrix inverse of G ij as G ij and det G ij as G. Note that G transforms like a scalar density, i.e., in the same way as n. Thus it is consistent to impose the constraint √ G = n. This means that beside n and π, the new dynamical degrees of freedom form a unimodular matrix G ij /n 2/d , where d is the number of spatial dimensions.
To complete the Poisson algebra, we need to define the Poisson brackets between G ij and n, and between the components of G ij . For the Poisson bracket between G and n the simplest choice is to declare it to vanish:
As to the Poisson bracket between components of G ij , there are two different natural choices that lead to dramatically different hydrodynamic theories. The simpler choice, which works in any number of spatial dimensions, is to take the Poisson brackets between the metric components to be zero,
However, in this case our hydrodynamic theory is simply another formulation of the theory of elasticity. This can be seen as follows. Assume the most general Hamiltonian H = H[n(x), π i (x), G ij (x)] and introducing again its functional derivatives,
the equations of motion have the form
In particular, Eq. (15c) means that the metric tensor is frozen into the fluid, and is given simply by the shape of an initially spherical droplet advected by the flow. The fact that the energy depends on the shape of this droplet means that we are dealing not with fluid, but with an elastic solid, where σ ij is basically the elastic stress. This finding can be confirmed, for example, by finding the normal modes of the linearized hydrodynamic equations: one finds, in addition to the longitudinal sound, the transverse sound.
III. CHIRAL POISSON ALGEBRA AND CHIRAL METRIC HYDRODYNAMICS
A. Construction of the chiral metric hydrodynamic theory
In two spatial dimensions, if one does not impose spatial parity, then there is another choice for the Poisson bracket between G ij :
where s is a pure number, and ij = − ji , 12 = 1. One needs to verify that the Jacobi identity is satisfied. Excluding the delta-function on the right-hand side, Eq. (16) has the same form as the commutators of the sl(2, R) algebra. That means that the Jacobi identity {{G, G}, G} + · · · = 0 is satisfied. Checking the Jacobi identity {π, {G, G}} + · · · = 0 is equivalent to verifying that the two sides of Eq. (16) transform in the same way under general coordinate transformations. This can be established by noting that δ(x − y) is a scalar density of weight −1 and ij a tensor density of weight +1. Other cases can be checked trivially.
Given the Hamiltonian H = H[n(x), π i (x), G ij (x)], the hydrodynamic equations can be now written down using the conjugate variables defined in Eq. (14):
Compared to Eqs. (15) , the equation for time evolution of the metric contains a parity-odd term.
If the metric tensor G ij is almost isotropic, like in most applications that we will consider, then one can expand
In this limit, one can use the "reduced" Poisson brackets
to derive the hydrodynamic equations
where τ ij = nσ ij and
Note that in the equation for momentum conservation τ ij plays the role of an anisotropic stress.
B. The high-and low-frequency regimes
Ignoring for a moment the V ij term, if one introduces the "Lamé coefficient"μ so that
means that the metric tensor rotates in the space (Q xx , Q xy ) with angular velocity
If the upper range of validity of our hydrodynamic theory is much larger than ω Q , then one can talk about the high-frequency (ω ω Q ) and low-frequency (ω ω Q ) regimes. In the former regime Eq. (23) becomes ∂ t Q ij + V ij = 0, which can be solved in terms of the displacement u i , defined so that v i =u i :
and Eq. (22) becomes the equation of motion of an elastic medium withμ being a Young modulus.
In the low-frequency regime ω ω Q , Eq. (23) reduces to the balance of the last two terms:
whose solution is
But τ ij appears as a contribution to the stress tensor in momentum conservation (22) . This means the fluid has a nonzero odd (or Hall) viscosity equal to
Following Ref. [4] , s can then be identified with the average orbital spin per particle.
C. The Kelvin circulation theorem in chiral metric hydrodynamics
In ordinary ideal hydrodynamics, there exists an infinite number of conserved quantities
where
will be called "vorticity," 1 and F is an arbitrary function of its argument. The conservation of these charges does not depend on the Hamiltonian: I F has zero Poisson brackets with all hydrodynamics variables, i.e., n and π i . In other words, I F are Casimirs of the Poisson algebra. This can established from the Poisson brackets
which follow from Eq. (1). The second Poisson bracket (34) is equivalent to the statement that ω(x) transform like a scalar density, which can already be seen from Eq. (32) . The time evolution of ω has the form of a conservation law:
In metric hydrodynamics I F are no longer Casimirs: the Poisson bracket of the vorticity with the metric G ij is nonzero. It turns out, however, that within the chiral nematic hydrodynamic theory there exists a modified version of the Kelvin circulation theorem. To find it we need to find a generalized vorticity Ω(x) that commutes with the density and the metric, and at the same time transforms like a scalar density:
{G ij (x), Ω(y)} = 0.
To satisfy Eqs. (35a) and (35b), one can add to ω a tensor density constructed from the metric. This tensor density must be chosen so that the resulting Ω has zero Poisson bracket with the metric. Since {ω, G} contains two spatial derivatives and {G, G} has no derivative, this tensor density has to contain two derivatives. The only tensor density that one can construct from G ij and two derivatives is
is the scalar Gaussian curvature constructed from the metric G ij . By a direct check one can verify that the combination
satisfies Eq. (35c). Calculation is facilitated by working in the coordinate systems where G ij = δ ij + δG ij where δG ij is small in the vicinity of the point under consideration. In a later part of the paper, we will consider the application of chiral metric hydrodynamics to the fractional quantum Hall states, in which the fluid is coupled to a U(1) gauge field a µ . To find a generalization of the Kelvin circulation theorem in that case, one notes that the equation of momentum conservation is modified by the Lorentz force term:
1 In a Galilean-invariant fluid, our definition of the vorticity differs from the usual definition by a factor of m, the mass of the fluid particle. We emphasize, however, that the Kelvin circulation theorem exists without Galilean invariance.
where e i = ∂ i a 0 − ∂ 0 a i and b = ij ∂ i a j . One can easily check that if one redefines the generalized vorticity as
then it will continue to satisfy the conservation law ∂ t Ω + ∂ i (Ωv i ) = 0. Hence the quantities (31) remain conserved. Another, more formal way is to consider the enlarged Poisson algebra with the gauge potential a i (x) and its canonical conjugate momentum π a i (x) as new fields. In the presence of a gauge field, the Poisson bracket between π i is modified
and two additional nontrivial Poisson brackets arise:
One can then check that Ω defined in Eq. (38) satisfies Eqs. (35) and has zero Poisson brackets with both a i and π a i .
IV. CHIRAL METRIC HYDRODYNAMICS OF THE FRACTIONAL QUANTUM HALL FLUID
A. Review of the Dirac composite fermion theory
We now apply chiral metric hydrodynamics to describe fractional quantum Hall fluids [14, 15] . Let us recall the simplest formulation of the problem: a system of interacting nonrelativistic electrons, moving in the xy plane in a magnetic field B such that the density of electrons ρ e is smaller than the density of states on the lowest Landau level B/2π. (Here we absorb the factor −|e|/c into the magnetic field. In the normal convention the magnetic field directed is opposite to the z-axis, after absorbing this factor it is directed along the z-axis. We use the unit system where = 1 and define the magnetic length B = 1/ √ B.) The most nontrivial feature of the quantum Hall fluids is that the low-energy quasiparticle is completely different from the electron. According to the composite fermion picture [16] [17] [18] [19] , near half filling, where the filling factor ν = 2πρ e /B ≈ 1 2 , the quasiparticle is the composite fermion, which interacts with a dynamical gauge field a µ . The dynamic magnetic field has expectation value
At ν = 1 2 the average dynamical magnetic field is zero and the composite fermions form a Fermi liquid.
In the lowest Landau level limit (B → ∞ at fixed ν, or purely theoretically, when the electron mass goes to zero), particle-hole symmetry becomes an exact symmetry. In this case the composite fermion is a massless Dirac fermion with Berry phase of π around the Fermi line [20] . The composite fermion has density n = B/4π. This is close to, but in general not equal to the density of the electron ρ e . The composite fermion is electrically neutral but carries a nonzero electric dipole moment d perpendicular and proportional to its momentum: d = − 2 B p ×ẑ. We will consider the so-called Jain states, which form two series converging to ν = 1 2 ,
The N = 1 case is the Laughlin ν = 1 3 state and its particle-hole conjugate ν = 2 3 , but we will be mostly interested in the limit of large N , N 1. On the Jain states, the dynamical magnetic field has nonzero average,
B. Microscopic derivation of the Poisson algebra
We now argue that at sufficiently long wavelength the quantum Hall system is described by chiral metric hydrodynamics. The reason is the following. For large N one can treat the system as a Fermi liquid in a small magnetic field. In the bosonized approach [21, 22] the dynamics of the Fermi surface can be parameterized through an infinite number of scalar fields (called u n in Ref. [23] ), one field per spin. Now in the regime ω v F q, where v F is the Fermi velocity, one can truncate the tower of scalar fields to a few first fields. This is because at zero momentum these fields cannot mix with each other due to the conservation of momentum, and the strength of the mixing is governed by the parameter v F q/ω. This is essentially the reason the longitudinal and transverse zero sounds in Fermi liquid with large Landau parameter F 1 (and F ∼ 1 with ≥ 2) can be described by a theory of elasticity [24, 25] .
In the fractional quantum Hall case the dynamical magnetic field has a nonzero average value b = ±B/(2N + 1), in which the composite fermions form a integer quantum Hall state with a gap of order ∆ ∼ b/m * = v F b/p F . In our gapped phase ω ∼ ∆ and the mixing is small when q B 1/N . In this regime one can limit ourselves fields of lowest spins. In practice, this means spins less or equal to 2.
We assume then that the Fermi surface has the shape of an ellipse ( Fig. 1 ). One can completely characterize the ellipse by the moments of the distribution function f (x, p), which is 1 inside the ellipse and 0 outside. The tensor G ij is defined in such a way that √ det G = n. The Poisson bracket between the fields can then be evaluate from the following semiclassical prescription: for any two functions A(x, p) and B(x, p) on the phase phase, dx dp
where {A, B} is the classical Poisson bracket [26] {A, B} = ∂A ∂p i
Following this prescription, we find that all the Poisson brackets, except {G, G}, can be expressed in terms of the hydrodynamic variables, and coincide with the expressions postulated in the hydrodynamic theory. On the other hand the Poisson bracket {G, G} contains the third moment of the distribution function p p i p j p k f ; assuming the Fermi surface has the shape of an ellipse, this third moment can be expressed in terms of the lower moments, dp
At the end of a lengthy, but straightforward, calculation, one finds
This is very similar to, but not exactly, Eq. (16): the constant factor 1/s there is replaced by (b + ω)/n, which is a dynamical field. If one replaces this prefactor by its expectation value,
then one can identify
where the upper and lower signs correspond to ν = N/(2N + 1) and ν = (N + 1)/(2N + 1), respectively. The replacement can also be justified by the following argument: up to terms containing second derivatives of G ij , the prefactor is Ω/n, which in the chiral metric hydrodynamics is conserved and determined completely by the initial condition. Provided that at infinite past the system is in the ground state, Ω/n is then equal to b /n. Note that our semiclassical prescription for computing the Poisson bracket, Eqs. (48) and (49), cannot in principle yield terms with second derivatives; one may hope a more sophisticated treatment will reveal their existence. In any case, for the calculation of linear response, the replacement (52) can always be made.
One may be concerned that the parameter s in Eq (53), which has been previously identified with the orbital spin per particle, is neither integer nor half-integer. This is not a problem, as s is the average orbital angular momentum per particle. This suggests another way to determine s. Recall that in the composite fermion picture, the ν = N/(2N + 1) state has the composite fermions filling up N + 1 2 Landau levels: half of the zero-energy Landau level (n = 0) and the positive-energy levels with quantum numbers n = 1, 2, . . . , N . Now the orbital spin of a particle on the n-th Landau level is n, so the average orbital spin is
For the ν = (N + 1)/(2N + 1) state, s flips sign. The value in Eq. (54) does not coincides with that in Eq. (53), but the relative difference is of order 1/N 2 at large N . This discrepancy is should be attributed to the imperfectness of the semiclassical procedure (48). We thus conjecture that (54) represents the exact value of the parameter s and use it in later calculations. Note that even for N = 1 the values of the s in Eqs. (53) and (54) differ from each other only by a factor of 9/8. From Eq. (30) and (54) one can find the odd viscosity of the Hall fluid,
This should be compared with the expectation: η H = 1 4 ρ e (S − 1) where S is the shift, and S − 1 is the part of the shift associated with the guiding centers. Equation (55) exactly matches this expectation, given that S = N + 2 for ν = N/(2N + 1) and S = −N + 1 for ν = (N + 1)/(2N + 1).
C. Equations of motion of chiral metric hydrodynamics of fractional quantum Hall states
We now derive the relevant formulas for the metric hydrodynamics of the composite fermions. Due to the dipolar interaction of the composite fermion with the external electric field, the Hamiltonian of the composite fermion fluid contains a term which can be viewed as a source term for the momentum density
where V i = ij E j /B is the drift velocity created by the external electric field. This Hamiltonian transforms correctly under Galilean boosts. The lowest Landau level limit is the limit of massless electrons, so the total momentum P is invariant under Galilean boosts, while the total energy should transform as
when going from a frame K to a frame K moving with velocity β with respect to K. This is exactly what happens with the Hamiltonian (56): under boosts all variables remain invariant except for the external electric field which transforms as
In the Dirac composite fermion theory, the dynamical gauge field a µ appears in the action as Lagrange multipliers enforcing constraints of the form
The equations for the hydrodynamic variables coincide with those of metric hydrodynamics in an electromagnetic field with [Eqs. (17a), (17c), and (37)], but with the replacement
The problem of finding the response of the quantum Hall fluid to external electromagnetic perturbation reduces to the finding the solution to the hydrodynamic equations and the constraint equations in the background E and B fields. [Note that, due to the constraints (58), Eq. (59) is satisfied automatically.]
After the solution has been found, the electron density should be read from
By using the constraint (58a), this expression can be rewritten as
where ω is the vorticity defined in Eq. (32) . One can also compute the electron current density from j i e = δS/δA i , but the formulas are somewhat cumbersome and will not be presented here.
Two remarks on the electron density are in order. First, one can easily check that the Poisson bracket between the electron density (63) at two different points can be again expressed in terms of the electron density:
This is the long-wavelength version of the Girvin-MacDonald-Platzman algebra [6] . The dipole contribution to the electron density encodes a nontrivial aspect of the physics of the lowest Landau level [27, 28] . Second, using Eqs. (58) and (38) , one can rewrite the electron density as
If we consider a problem in which a fractional quantum Hall ground state is perturbed by an external field, then Ω can be determined by its value at t = −∞, which is b . In this case the perturbation of the electron density from the average value (B − b )/(4π) is given by the curvature of the dynamical metric,
Since the Poisson bracket of Ω with any field is either zero or proportional to Ω itself, the Gaussian curvature density also satisfies the long-wavelength Girvin-MacDonald-Platzman algebra [7] . The identification of the Gaussian curvature density with the electron density was part of Haldane's proposal [8] and the bimetric theory [7] . Equation (66) will play an important role in the later calculation of the static structure factor.
D. Illustrative calculation of the density response
We demonstrate the working of the procedure on an example of a model, where the Hamiltonian has the quadratic form
which, for the simplicity, is assumed to be independent of b. In this case the constraints (58) become
and the linearized hydrodynamic equations
Assuming that the external perturbation is A 0 (t, x) = A 0 e −iωt+iqx , then V y = −iqA 0 /B, and V xy = q 2 A 0 /B. Solving Eq. (70) one finds
and from Eq. (69)
which means
Usingḃ + ∇ × e = 0 one finds
which translates to fluctuation in the density of electrons
Using the linear response theory, one then finds the time-ordered Green function the electron density ρ e ρ e ω,q ≡ dt dx e iωt−iq·x T ρ e (t, x), ρ e (0, 0) = iμ B 2
The Green function has poles at ω 2 = ω 2 Q , which one can identify with the long-wavelength part of the dispersion curve of the magnetoroton. Furthermore, the residue at the pole behaves like q 4 , which is the expected behavior for the density-density correlator on the lowest Landau level.
One can make the model (67) more complicated by including a dependence on b, as well as terms with derivatives like π i ∂ i n or Q ij ∂ i π j . Instead of doing that, we now turn to a physical observable that is independent of the precise form of the Hamiltonian.
E. The static structure factor
The static structure factor is an important quantitative characteristics of the fractional quantum Hall state. It appears, in particular, in the variational treatment of the magnetoroton [6] . The procedure outlined above can be used to compute, from a given Hamiltonian H[n, π i , G ij ], the density response function δρ e δρ e ω,q . By integrating out this function over the frequency one can recover the equal-time density-density correlator, which is proportional to the static structure factor. For example, from Eq. (76) one obtains δρ e δρ e q = dω 2π δρ e δρ e ω,q =μ
In particular, one notices thatμ cancels out after substituting Eq. (26) . This fact has a deeper reason, going beyond the simple model (67): the long-wavelength behavior of the equal-time density-density correlator is determined by the Poisson algebra, but not by the detail form of the Hamiltonian.
To show that, we note that in the quantum theory, to quadratic order the "holomorphic" component Q ≡ Q zz = 1 4 (Q xx − 2iQ xy − Q yy ) and the "antiholomorphic" componentQ ≡ Qzz = 1 4 (Q xx + 2iQ xy − Q yy ) of the metric tensor have the commutator
and hence can be consider as creation and annihilation operators. If s > 0, then Q is the creation andQ annihilation operator, and the roles are reverse for s < 0. To quadratic order the Hamiltonian contains terms of the form QQ, and the problem reduces itself in the quadratic level to the problem of a harmonic oscillator. Terms that does not contain one Q and oneQ appears in a very high order in the derivative expansion, (∂ 2 Q) 2 or (∂ 2Q ) 2 and can be neglected. The vacuum is then annihilated by the annihilation operator.
It is now straightforward to compute the equal-time correlator of the electron density operator. As shown before, the fluctuating part of the electron density is proportional to the Gaussian curvature density of the dynamical metric, i.e., δρ e = s 8π
which implies δρ e δρ e q = dx e −iq·x δρ e (x)δρ e (0) = s 2 q 4 64π 2 dx e −iq·x 0|Q(x)Q(0) +Q(x)Q(0)|0 . .
By convention, the static structure factor is defined as
In fractional quantum Hall physics one distinguishes unprojected and projected static structure factor [6] . As the theory that we propose is supposed to describe the physics on a single Landau level, the quantity computed in Eq. (84) should be identified with the projected static structure factor. This can be seen also from the calculation in Eq. (77): performing the integral over ω, one picks up only a pole at ω = ω Q or −ω Q , which corresponds to an intra-Landau-level excitation. For the unprojected static structure factor, the integral would picks up another contribution from the Kohn mode, absent in our theory.
Thats(q) behaves like q 4 is a known fact [6] . In our theory, one can trace back the q 4 dependence from the identification of δρ e with the Gaussian curvature, which, to linearized order, is a sum of second derivatives of metric components.
As our calculation is semiclassical in nature, Eq. (84) is only reliable at large N . One can estimate the accuracy of the semiclassical approximation to be 1/N 2 , the discrepancy between Eqs. (53) and (54).
Note that the coefficients 4 , defined as the first coefficient in the momentum expansion of the static structure factor:s(q) =s 4 (q B ) 4 , saturates the Haldane bound [8]s 4 ≥ |S − 1|, with S being the shift. In particular, for N = 1 our value fors 4 exactly equals to that of the Laughlin wave function [6] . Note also that our result, Eq. (83), is automatically particle-hole symmetric, as our formalism. In contrast, the static δρ e δρ e q correlator calculated from the modified random phase approximation of the HLR theory is not particle-hole symmetric, deviating from the result for the Laughlin wave function by a factor of 2 to either side, depending on whether ν = 1/3 or ν = 2/3 [28] .
One word of precaution should be said at this point. Here we have calculated the static structure factor using our hydrodynamics, which is a low-energy effective theory, valid below some energy cutoff Λ, locating between the energy scale of the Coulomb interaction ∆ C and the energy of the magnetoroton, roughly ∆ C /N . Since the static structure factor is the integral of the dynamic structure factor over the frequency, it is possible that the effective field theory misses a contribution to the integral from the Coulomb interaction energy scale ∆ C . Such a contribution should be independent of N and modifies Eqs. 
where c is a positive number. From our experience with the Laughlin case N = 1, one can expect c to be numerically small. The large N asymptotics of s 4 , as well as difference between s 4 at ν = N/(2N + 1) and ν = (N + 1)/(2N + 1) remains model-independent predictions of our calculation. We conclude by noting here that the excited state for ν = N/(2N + 1) is obtained by acting the holomorphic component of the metric Q on the ground state: Q|0 and has angular momentum 2 (directed along the z direction, i.e., in the direction opposite to the magnetic field). For the ν = (N + 1)/(2N + 1) state, the magnetoroton state isQ|0 and has angular momentum −2. As previously suggest, the spin of the magnetoroton is, in principle, measurable in polarized Raman scatterings, with the incoming and outgoing photons carrying opposite spin of ±1 [29, 30] . One potential issue is that resonant Raman scatterings involve the hole bands of GaAs which has the square lattice symmetry, but not the full rotational symmetry, making spins 2 and −2 indistinguishable from the symmetry point of view. Fortunately, detailed calculations using Luttinger-Kohn Hamiltonian with realistic Luttinger parameters show that the mixing between spins 2 and −2 in a polarized Raman scatterings is suppressed by a large numerical factor [31] . We are unaware of any previous attempt to measure the spin of the magnetoroton experimentally.
V. CONCLUSION
In this paper we have introduced, at first as a purely mathematical construction, a new hydrodynamic theory called "chiral metric hydrodynamics," in which the set of hydrodynamic degrees of freedom is extended to include a metric with components forming a sl(2, R) algebra under the Poisson brackets. The resulting medium has a characteristic frequency ω Q at which the metric components rotate. At frequencies small compared to ω Q , the medium is a fluid with odd viscosity; at frequencies high compared to ω Q , it behaves like a solid.
We argue that this chiral nematic hydrodynamics, coupled to a dynamical gauge field, provides a convenient and reliable description of the long-distance dynamics of the quantum Hall Jain states near half filling. Using the Kelvin circulation theorem, we establish the relationship between the electron density and the Gaussian curvature density. This relationship allows one to derive the coefficient of the leading q 4 asymptotics of the static structure factor at low momenta.
It would be interesting to understand whether the hydrodynamic framework can be extended to correctly reproduce the next q 2 corrections to correlation functions. It has been argued that, for a class of quantum Hall states, the q 6 term in the static structure factor has topological nature [32] [33] [34] . In Ref. [35] it has been argued that these corrections are related to spin-3 modes. The Jain states around ν = 1/4 and ν = 3/4 are also interesting subjects of study using chiral metric hydrodynamics. As there is no particle-hole symmetry (see, however, Ref. [36] ) the low-energy effective Lagrangian generically contains a Chern-Simons term ada, making the constraint equations slightly more complicated. It seems that one can relate the coefficients 4 , more precisely, the difference betweens 4 on two Jain states ν = N/(4N + 1) and ν = N/(4N − 1) at large N with the Berry phase of the composite fermion [37] .
It is also interesting to understand if the chiral metric hydrodynamic theory proposed here can be applied to other physical systems. A candidate is a p x + ip y superfluid near a nematic phase transition. A particularly interesting possibility is that the theory is applicable to the Pfaffian and anti-Pfaffian states. A measurement of the spectrum of neutral excitations in the bulk, in particular the spin of the magnetoroton, would help the determination of the nature of the ν = 5 2 state [38] . In is also interesting to investigate supersymmetric extensions of the chiral hydrodynamics theory, which may provide an interpretation of the fermionic counterpart of the magnetroton [39, 40] .
Finally, it would be very interesting to know if chiral metric hydrodynamics can be realized in soft-matter systems, e.g., through designing an appropriate active fluid [41] . This will bring about an interesting connection between fractional quantum Hall and classical softmatter systems.
